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Let D(An) denote the discriminant of the characteristic polynomial of the n th
power of the matrix A. In this paper the polynomial values of D(An) are
investigated and it is pointed out that the ring generated by the spectrum of A plays
an important role.  1996 Academic Press, Inc.
1. INTRODUCTION
Let M be a 2_2 matrix with (rational) integer entries and P # Z[X] be
a monic polynomial. For a positive integer n, the discriminant of the
characteristic polynomial of Mn is denoted by 2n . Under some necessary
conditions imposed on M and P, Grytczuk [5] proved that the equation
2n=P(x)
for integers x and n has only finitely many solutions and all of them are
bounded by an effectively computable constant depending only on M and P.
A simple calculation (see [5]) shows that the equation above is related
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to arithmetic properties of recurrence sequences. The purpose of this note
is to point out that in case of these kind of relations a somewhat surprising
role is played by the ring generated by the spectrum of the matrix.
Let R=Z[|1 , ..., |t], t0, be a finitely generated ring in C and A be
an l_l (l2) matrix with complex entries having spectrum in R.
Moreover, let f # C[X] be a monic polynomial and the discriminant of the
characteristic polynomial of An be denoted by D(An). It will be shown that
the equation
D(An)=f (x) in n, l, A, x # R (1)
with some necessary technical assumptions implies that each of x, n, l and
the spectrum of A, denoted by Sp[A], belong to a finite set depending only
on R and f. To establish it more precisely we define the ‘‘size’’ of an : # R.
Let G be the smallest field containing R and all the zeros of f. Then G is
certainly finitely generated and it can be written as
G=Q(z1 , ..., zr , u) (r0)
where [z1 , ..., zr] is a transcendence basis for G and we may assume that
u is integral over Z[z1 , ..., zr]. Any : # G has a unique representation
(up to sign) in the form
:=
P0+P1u+ } } } +P$&1u$&1
P$
where $ is the degree of u (over Q(z1 , ..., zr)) and P0 , ..., P$ # Z[z1 , ..., zr]
are relatively prime polynomials. Adopting the terminology and the nota-
tion of Gyo ry [6], the sizes of a non-zero polynomial P # Z[z1 , ..., zr] and
a nonzero : # G (represented above) are defined by
s(P)=max[log H(P); 1+ max
1ir
degzi P]
(where H(P) is the classical height of P, that is, the maximum of the
absolute values of its coefficients), and
s(:)= max
0i$
[s(Pi)],
respectively. The size of a polynomial T # G[X] is defined as the sum of the
sizes of its coefficients and is denoted by s(T ). We denote by Deg(P) the
total degree in z1, ..., zr of an element P in Z[z1, ..., zr] and for an : # G we set
Deg(:)= max
0i$
Deg(Pi).
293POLYNOMIAL VALUES OF DISCRIMINANTS
File: 641J 202403 . By:CV . Date:27:11:96 . Time:11:41 LOP8M. V8.0. Page 01:01
Codes: 2432 Signs: 1527 . Length: 45 pic 0 pts, 190 mm
The size and the degree of an : # G certainly depend on the generating set
[z1 , ..., zr , u]; however, in the case of any fixed generating set there are
only finitely many elements in G with bounded size.
For the other properties of degree and size we refer the reader to [6]
and [7]. Let U be the minimal polynomial of u over Z[z1 , ..., zr] and put
B=max[r, $, deg f, s( f ), s(U), max
1jt
s(|j)].
As a matter of fact, B depends only on R, f, and the choice of the
generating set. In the following C1 , ..., C11 will denote effectively com-
putable constants depending only on B.
The spectrum of an l_l matrix A is said to be trivial if
(i) l=2 and Sp[A]=[0, \], where \=0 or \ is a root of unity,
(ii) l=2 and Sp[A]=[$1 , $2], where $1 } $2 {0 and $1 $2 is a root
of unity,
(iii) l3 and there exist *i , *j # Sp[A] for which *i=*j=0 or *i*j
(if any) is a root of unity.
Some slight conditions imposed on f and on Sp[A] are enough to have
Theorem 1. If f has at least three zeros of odd multiplicities then the
equation (1) in n, l, x, A with x # R and Sp[A]/R implies s(x)<C1 .
Theorem 2. If f has at least three zeros of odd multiplicities and Sp[A]
is not trivial then all the solutions of (1) with n>2 satisfy
max[n, l, max
* # Sp[A]
s(*)]<C2 .
Remark. The ring R is not necessarily a Dedekind ring and it may
contain trancendental numbers, as well.
2. PRELIMINARIES
By using the notation introduced above, let g # G[X] be a polynomial
having k distinct zeros with multiplicities r1 , ..., rk , respectively. For an
integer m>1, set
ti=
m
(m, ri)
; i=1, ..., k.
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Lemma 1 (Brindza [1]). Suppose that [t1 , ..., tk] is not a permutation
of the k-tuples
[t, 1, ..., 1], (t1); [2, 2, ..., 1].
Then all the solutions of the equation
g(x)=ym in x, y # R
satisfy max[s(x), s( y)]<B1 , where B1 is an effectively computable constant
depending only on s(g), m, and, B.
Proof. It is a simple consequence of the theorem in [1].
Lemma 2 (Gyo ry [7]). Let h # R[X] be a monic polynomial having
pairwise distinct zeros :1 , ..., :q . If q2 and :i # R, 1iq, then
max
1i<jq
s(:i&:j)<B2 , max
1i<jq
Deg(:i&:j)<B3 , and q<B4 ,
where B2 , B3 , and B4 are effectively computable constants depending only on
B and the size and the degree of the discriminant of h.
Proof. See [7, Theorem 1].
Let K be an algebraic number field. The absolute height of a nonzero
: # K is defined by
h(:)=‘
v
max[1, |:| v],
where v runs through the set of (normalized) valuations of K. Moreover,
let k be an algebraically closed field of characteristic zero and L be a finite
algebraic extension of the rational function field over k with genus g(Lk).
The (additive) height of a non-zero ; # L is given by
HLk(;)=:
v
max[0, v(;)],
where v runs through the set of (additive) valuations of Lk with value
group Z.
The following known properties of these height functions immediately
come from their definitions, except the result of Dobrowolski [4]:
h(:m)=h(:) |m|, m # Z
h(:;)h(:) h(;),
h(:+;)2h(:) h(;),
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h(:)=1 if and only if : is a root of unity, and if : is not a root of unity
then h(:)>1+=, where =>0 is an effective constant depending only on the
degree of K (cf. [4]).
max[H Lk(:;), H Lk(:+;)]HLk(:)+HLk(;),
HLk(:m)=|m| HLk(:), m # Z,
H Lk(:)=0 if and only if : # k.
The cardinalities of the sets [v | v(;)<0] and [v | v(;)>0] are at most
HLk(;), (;{0).
Lemma 3 (Mason [8]). Let S be a finite set of (additive) valuations of
L containing all the infinite valuations. Suppose that :1 , :2 , and :3 are non-
zero elements of L with :1+:2+:3=0, and such that v(:1)=v(:2)=v(:3)
for each valuation v not in the finite set S. Then
HLk(:1:2)|S|+2g(Lk)&2,
where |S| denotes the number of elements of S.
Proof. See [8, Lemma 2]. Actually, it has already been proved by
Gyo ry [6] for larger constants.
Lemma 4. The genus of the splitting field of a polynomial over L is
bounded by an effective constant depending only on the polynomial and
g(Lk).
Proof. See [8, Lemma 4] or [9, Lemma H].
Lemma 5. Let p(X) # G(X) be a polynomial with at least two distinct
zeros. If G is an algebraic number field, then the equation
f (x)=ym in x, y # R, m # Z, with m2 and y{0,
implies that either y is a root of unit or m<B5 , where B5 is an effectively
computable constant depending only on s( p) and B.
Proof. It immediately comes from Theorem 4 in [3].
3. PROOFS
Proof of Theorem 1. Let *1 , ..., *l be the zeros of the characteristic
polynomial of A. Then from the spectral theorem we have
D(An)= ‘
1i<jl
(*ni &*
n
j )
2
296 BRINDZA, PINTE R, AND VE GSO
File: 641J 202406 . By:CV . Date:27:11:96 . Time:11:41 LOP8M. V8.0. Page 01:01
Codes: 2196 Signs: 1199 . Length: 45 pic 0 pts, 190 mm
and Lemma 1 completes the proof, noting that f has at least three zeros of
odd multiplicities and
‘
1i<jl
(*ni &*
n
j ) # R.
Proof of Theorem 2. Let (A, x, n, l ) be an arbitrary but fixed solution
to (1) satisfying the conditions of Theorem 2. By combining Theorem 1
and Lemma 2 we obtain
{
s(D(An))=s( f (x))<C3 ,
(2)
max
1i<jl
s(*ni &*
n
j )<C4 ,
max
1i<jl
Deg(*ni &*
n
j )<C5 ,
l<C6 .
Since the spectrum of A is not trivial, there is a non-zero *k # Sp[A], say
*1 , which is not a root of unity. To derive a bound for n and then for the
size of the spectrum we have two cases to distinguish:
I. The field Q(Sp[A]) is an algebraic number field.
If 0 # Sp[A] then s(*n1)<C4 and Dobrowolski’s theorem yields n<C7 .
Otherwise, we take a nonzero *k # Sp[A], different from *1 , and set
1=*n1&*
n
k . (3)
It can be rewritten as
X(X&1 )=Zn,
where X=*n1 and Z=*1 *k ; therefore, one can apply Lemma 5 to get an
upper bound for n, provided that Z is not a root of unity and noting that
1Z{0. If Z is a root of unity then by using the properties of the absolute
height we have h(Zn)=1,
(h(X))2=h(X 2)=h(Zn+1X)2h(Zn) h(1X)2h(X) h(1 ),
and
(h(*1))n=h(*n1)=h(X)2h(1 ).
Since s(1 )<C4 , thus h(1 )<C8 and a bound for n can be given again.
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II. If the transcendence degree of Q(Sp[A]) is at least one then we
may assume that *1 is not algebraic and write
Ti=[z1 , ..., zr]"[zi],
ki=Q(Ti),
Mi=ki (zi)(u(1), ..., u$)), i=1, ..., r,
where ki denotes, as usual, the algebraic closure of ki and u(1), ..., u($) are
the conjugates of u over Q(z1 , ..., zr) (cf. [7]). Since the intersection
A= ,
r
i=1
ki
is the field of algebraic numbers (cf. [2]) and there exists an i # [1, ..., r]
such that *1  ki , therefore
HMiki (*1)1.
Let S denote the set of (additive) valuations v of Mi ki containing all the
infinite valuations, such that either v(|j)<0 for at least one j # [1, ..., t] or
max[v(*1), v(*k), v(1 )]>0.
Then the cardinality of S satisfies
|S|HMiki (*1)+HMiki (*k)+HMiki (1)+ :
t
j=1
HMiki (|j)+V,
where V is the number of infinite valuations of Mi ki (V is bounded by the
degree of Mi over ki (zi) which is at most $!).
Considering (3) as an S-unit equation (in Mi) we obtain v(*1)=v(*k)=
v(1 )=0 for every v  S and Lemma 3 yields
HMiki \
*nj
1+|S|+2g(Mi ki)&2, j # [1, k]. (4)
Using (4), we get
HMiki (*
n
j )HMiki \
*nj
1++HMiki (1 )
|S|+2g(Mi ki)+HMiki (1)&2, j # [1, k],
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whence
HMiki (*
n
1)+HMiki (*
n
k)
2 |S|+4g(Miki)+2HMiki (1 )&4
2 \HMiki (*1)+HMiki (*k)+HMiki (1)+ :
t
j=1
HMiki (|j)+V+
+4g(Miki)+2HMiki (1)&4.
This implies that
n(HMiki (*1)+HMiki (*k))
2(HMiki (*1)+HMiki (*k))
+4HMiki (1 )+4g(Miki)+2 \ :
t
j=1
HMiki (|j)++2V&4
which gives
(n&2)(HMiki (*1)+HMiki (*k))4HMiki (1 )+4g(Miki)
+2 \ :
t
j=1
HMiki (|j)++2V&4.
Applying Lemmas 2, 4, the inequality HMiki (1 )C9 Deg(1 )+C10 (see
[6] or [7]), and (2), a simple calculation gives n<C11 .
In the case of a fixed n>2 the relation
*n1=*
n
k+1
can be treated as a superelliptic equation. The zeros of the polynomial
Xn+1 are simple and Lemma 1 completes the proof.
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